The controlled generation of complex entangled states plays a central role in the context of quantum simulation and quantum computation. At the single mode level, protocols based on photonic Schrödinger cat states hold strong promise as they present unprecedentedly long-lived coherence and may be combined with powerful error correction schemes. In this work, we show how a novel class of "many-body Schrödinger cat states" can be generated in a multimode quantum optics device as a consequence of a spontaneous symmetry breaking phenomenon associated to a pairing mechanism. The model we consider is a variation of the Bose-Hubbard model, with a pair-hopping term replacing the standard single-particle hopping. The described phenomenology occurs for a wide panel of geometries ranging from the case of a two-site system up to the infinite lattice configuration, and can be observed either at thermal equilibrium or with driven-dissipative conditions. In the thermodynamic limit, the emergence of many-body cat states is shown to be connected to a phase transition from a Mott insulator to a pair-superfluid phase.
The controlled generation of complex entangled states plays a central role in the context of quantum simulation and quantum computation. At the single mode level, protocols based on photonic Schrödinger cat states hold strong promise as they present unprecedentedly long-lived coherence and may be combined with powerful error correction schemes. In this work, we show how a novel class of "many-body Schrödinger cat states" can be generated in a multimode quantum optics device as a consequence of a spontaneous symmetry breaking phenomenon associated to a pairing mechanism. The model we consider is a variation of the Bose-Hubbard model, with a pair-hopping term replacing the standard single-particle hopping. The described phenomenology occurs for a wide panel of geometries ranging from the case of a two-site system up to the infinite lattice configuration, and can be observed either at thermal equilibrium or with driven-dissipative conditions. In the thermodynamic limit, the emergence of many-body cat states is shown to be connected to a phase transition from a Mott insulator to a pair-superfluid phase.
The ability to engineer a large variety of Hamiltonian couplings with sufficient tunability is a key ressource for the generation of exotic quantum states [1] [2] [3] and for quantum information processing [4, 5] . In many platforms such as ultracold atomic gases or superconducting circuits, the huge timescale separation between the fast Hamiltonian dynamics and the exchange processes with the external environment is suitable for adiabatic ground-state preparation schemes and the study of low-temperature equilibrium physics. More recently, the introduction of quantum reservoir engineering ideas [6, 7] consisting in harnessing dissipation as a ressource rather than a flaw, have opened the gates to a mostly uncharted territory: the nonequilibrium generation of quantum states.
In the context of cavity-QED, quantum reservoir engineering schemes have been proposed and successfully implemented for the preparation of single qubit states on the Bloch sphere [8] , entangled states of distant qubits [9] [10] [11] [12] , and very recently of the first Mott insulator of light [13] [14] [15] [16] . Another resounding success for quantum error correction is the preparation of photonic Schrödinger cat states (SCS) [17] [18] [19] ,
which are macroscopic multi-photon superpositions naturally insensitive to dephasing in the limit of a large α, and can be efficiently protected against photon losses via parity measurement [20] and feedback control [21] [22] [23] . A major challenge for continued progress in this field is the development of registers of those SCS. This seems all the more problematic given that hybridization between neighboring SCS is expected to be detrimental to the local nature of those states.
In this paper, we claim that large registers of SCS can be spontaneously generated by bringing extended bosonic systems to develop a pair-superfluid (PSF) order [24, 25] , and we propose both equilibrium and driven-dissipative routes for the emergence of this exotic many-body phase. The intimate connection between SCS and a PSF phase (the bosonic counterpart of the Barden-Cooper-Schrieffer, or BCS, phase), starts with them sharing the same local symmetries: they both break U (1) invariance while preserving the symmetry under Z 2 transformations. Until now, the generation of individual photonic SCS has always been achieved by explicitly breaking the U (1) symmetry associated with particle number conservation, by shining a single-or two-photon coherent sources on photonic cavities [18, 22, 23, 26, 27] . Here, we shall rather capitalize on a purely many-body mechanism, namely the spontaneous symmetry breaking of U (1), to achieve the long-range PSF order and generate many-body SCS. We flesh out our proposal in the context of a modified BoseHubbard model where single-particle hopping is replaced by two-particle hopping enforcing a local Z 2 parity conservation ( Figure. 1a) . At zero-temperature we describe the physics underlying the phase transition between a Mott insulator and a PSF phase. Remarkably, we manage to explicitly compute the ground state of the many-body Hamiltonian at the "magic" value where the two-particle hopping is half of the Hubbard interaction. We find a massively degenerate ground-state manifold with SCS factorized at each lattice site. This exact result, valid deep in the strongly-interacting regime, is the smoking gun that proves unequivocally that the PSF phase is a breeding arXiv:1809.10634v1 [quant-ph] 27 Sep 2018 ground for the generation of many-body SCS. The rest of the phase diagram, described by means of Gutzwiller and semiclassical approaches, confirms the many-body SCS picture in the PSF phase and quantifies the distance to it. Such phenomenology is suitable for the controlled generation of largescale entanglement and quantum memories via the preparation of coherent superpositions of the various ground states.
We further reinforce the connection between many-body SCS and symmetry arguments by unveiling similar phenomenology in a photonic system subject to driven-dissipative conditions ( Figure. 1b) , namely two-photon incoherent drive and loss processes. The drive is provided via a coupling to strongly pumped two-level systems, avoiding an explicit breaking of the U (1) symmetry. For weak dissipation, we demonstrate a high fidelity for SCS generation, discuss the conditions for pair-condensation (lasing) and the effect of saturating the two-level emitters.
Results
Equilibrium model. The two-particle hopping BoseHubbard model is represented by the Hamiltonian
where a † i and a i are the bosonic creation and annihilation operators at site i, U > 0 accounts for the on-site two-particle repulsion, and J sets the amplitude of the two-particle hopping between a site and its z nearest neighbors. While the effects of the lattice geometry will be washed away in both our subsequent mean-field description and exact results (such as the distinction between a superfluid order and Bose-Einstein condensation in low dimensions), for theoretical purposes we have in mind a cubic lattice with N sites and periodic boundary conditions. In addition to the global U (1) symmetry, a i → e iθ a i , corresponding to the conservation of the total number of particles N , the Hamiltonian is also symmetric under local discrete Z loc 2 transformations, namely a i → ζ(i)a i with ζ(i) = ±, where ζ(i) can vary from site to site. This latter symmetry corresponds to the conservation of the parity of the photon number at each site. We use a standard normalized convention C ± (α)|C ± (α) = 1 for the cat-states . Phase diagram. The zero-temperature phase diagram was obtained numerically within a Gutzwiller mean-field approach (see Methods). We monitored both the singleparticle and two-particle order parameters,
. Another important figure of merit is the fidelity F cat ≡ max α,± | ψ GW |C ± (α) | 2 between the local groundstate wavefunction |ψ GW of the Gutzwiller ansatz and a cat state. The results, restricted to the sector with an even number of bosons, are displayed in Figure 2a as a function of the chemical potential µ and the two-photon hopping amplitude J. The results when including the odd parity sector are presented in the Supplementary Note 1.
At weak hopping amplitude J, the ground state is analogous to the one of the standard single-particle hopping BoseHubbard model. It features a series of Mott-insulating regions with even integer densities n ≡ a † i a i = 0, 2, 4, . . . these Mott-insulating lobes are characterized by ψ (1) = ψ (2) = 0, reflecting the underlying global U (1) symmetry. The lobe boundaries at stronger J correspond to a second-order phase transition to a superfluid phase where the U (1) symmetry is spontaneously broken while the global Z 2 symmetry is preserved. Here, given that superfluidity is only carried by pairs of photons, this translates into a vanishing single-particle order parameter ψ (1) = 0 and a non-vanishing two-particle order parameter ψ (2) = 0. As J is increased towards the special value J * ≡ U/2, the PSF order parameter ψ (2) diverges to +∞, and the local fidelity to a cat state approaches one. The corresponding Wigner functions, shown in Figure 2 , illustrate the continuous change, via spontaneous symmetry breaking, from a Fock state in the Mott-insulating phase to a SCS deep into the PSF phase.
Finally, we emphasize that the protection of the global Z 2 symmetry can survive even in the absence of the local Z loc 2 symmetries. Namely, in Supplementary Note 2 we illustrate how the PSF order and the many-body SCS are robust against small but finite terms breaking the conservation of local parities, such as a single-photon hopping, in analogy with recent studies [27, 29] . This feature is the consequence of a nonvanishing energy gap ∆ ∝ exp (−Cψ (2) ) separating the even and odd parity states (see Supplementary Fig. 1b ).
Exact and semiclassical solutions. Remarkably, at the special value J * = U/2 one can analytically compute the ground state of the many-body Hamiltonian. At µ = 0, the ground-state manifold is located at zero energy and spanned by the following set of many-body wave-functions,
defined as a product state of uncoupled SCS throughout the lattice. Note that the on-site parity P (i) = ± can vary from site to site, yielding an extensively large degeneracy of the ground-state manifold. This latter property, combined with the intrinsic robustness of large cat-states against dephasing, is particularly compelling for quantum computing applications. Moreover, the hopping-induced locking of the various sites at a unique coherent field α represents an intrinsic protection against the relative dephasing of the various lattice sites. The proof of Equation (3) proceeds in two steps. First, applying the Hamiltonian to ψ P (α) yields
which vanishes at J * = U/2, thus establishing that ψ P (α) is a zero-energy eigenstate of H 0 . Second, H 0 is a positive operator for J ≤ U/2 (see Methods), which confirms that ψ P (α) is indeed the ground state. A finite chemical potential µ partially lifts the macroscopic degeneracy, and the states of Equation (3) are no longer eigenstates but rather follow the simple dynamical evolution |ψ(t) = ψ P (αe −iµt ) . Moreover, the exact ground-states are now (6). The inset sketches a qualitative picture of the spontaneous symmetry breaking mechanism generating of many-body Schrödinger cat states. The field α quantifying the size of the resulting SCS is located at the minimum of a mexican hat effective energy profile, while the remaining Z2 symmetry enforces an equal weight for the two antipodal configurations α and α + π.
and are located at energy −µN , where N is the total particle number and P N is the projector to the N -particle sector. The distinction between ψ P N and ψ P (α) is nonetheless meaningless in the thermodynamic limit where N sites is infinite and ψ P (α) then accurately describes the ground-state physical properties also for µ = 0. Importantly for realistic implementations, these exact results are valid regardless of the system size and we thus expect SCS to appear even for a small number of sites, although no spontaneous symmetry breaking occurs in this case. Using exact numerical diagonalization, we have indeed observed the generation of SCS in systems as small as N sites = 2.
We emphasize the exact solutions are located on the verge of an instability. Using a coherent state i |α as a variational Ansatz, which is equivalent to a semiclassical approach a i → α, yields the typical mexican hat structure for the average energy −µ|α| 2 + (U/2 − J) |α| 4 . Such profile is unbounded from below for J > U/2, indicating the presence of a thermodynamic instability. On the contrary, for J < U/2 the model is thermodynamically stable as confirmed by our Gutzwiller and exact numerical calculations (see Methods). In this case, a first order perturbation in J − U/2 provides a precise estimate of the ground-state density and PSF order parameter close to the instability threshold
regardless of the choice of on-site parities P (i). Driven-dissipative model. In the remainder of the paper, we turn to a driven-dissipative setup for the two-particle hopping Bose-Hubbard model and investigate the deep connection we unveiled between many-body SCS and PSF phases in an open quantum system. To the unitary physics previously discussed, we add a two-photon decay channel and incoherently pumped two-level systems exchanging pair of photons, thereby preserving the U (1) symmetry of the model as well as the conservation of the local parities. The dynamics are described by the following master equation: (2) and ω c is the cavity frequency.
is the Hamitonian of the two-level systems which can coherently emit or absorb pairs of photons at a Rabi frequency Ω R according to
Finally the Lindblad superoperators in the second line of Equation (7) account for the two-photon losses and the incoherent pumping of the two-level emitters occuring at rates Γ l and Γ p respectively, where we used the notation
The main purpose of the pumped two-level systems is to implement a frequency-dependent incoherent pump injecting photons by pairs [14, 30] . Our scheme is optimum in the regime where, once a two-level system has emitted, it is quickly and efficiently pumped back to its excited states, thus maintaining a nearly perfect population inversion. This irreversibility of the pair-injection process is ensured by the condition n Ω R Γ p , where n is the photon density. Integrating out the degrees of freedom of the two-level emitters, the corresponding spectrum of emission is a Lorentzian centered around ω at , reading
where the maximum rate is set by
In what follows we will consider the weakly dissipative regime where the photonic system is nearly isolated (U, J Γ 0 em , Γ l ) such that its dynamics are dominated on short time scales by the Hamiltonian part H ph . Within this picture, S em (ω) quantifies the efficiency of a transition between two many-body eigenstates of H ph with respectively N and N + 2 photons and energy difference ω. Phase diagram at steady state. After a transient regime, the driven-dissipative dynamics are expected to reach a nonequilibrium steady state. However, since the considered model preserves the local parities, here the steady-states are non-unique but present a large multiplicity: which state is reached after a long evolution depends on the parities imprinted within the system at the initial conditions. Here we restrict ourselves to the even parity sector, and explore the resulting phase diagram by means of a nonequilibrium Gutzwiller mean-field approach (Methods). The results are presented in Figure 3 as a function of the two-photon hopping J and the detuning δ ≡ ω at /2 − ω c -which as we will see plays here an analogous role to the equilibrium chemical potential.
Similarly to the zero-temperature equilibrium case, we find a normal phase with ψ (1) (t) ≡ a (t) = 0 and ψ (2) (t) ≡ a 2 (t) = 0 at weak hopping J. For this particular computation, the resulting phase is not insulating. The stabilization of a photonic Mott insulator in the strong photon blockade regime (U Γ p ) is discussed in [14] . At stronger hopping amplitudes J, we find the onset of PSF: the U (1) symmetry is spontaneously broken, yielding a non-vanishing two-photon order parameter ψ (2) = 0, while the single-photon order parameter remains zero, ψ (1) = 0, as a consequence of the unbroken global Z 2 symmetry. In close resemblance to the equilibrium case, the state predicted by the Gutzwiller approach is found to be very close to a SCS in a wide region of the PSF phase, with fidelities achieving values over 95% for a ratio U/Γ l = 70 within reach of circuit-QED technologies (see Fig. 3a-b) . Moreover, a scaling analysis presented in Figure  3c -d indicates that the fidelity even reaches unity in the ideal limit of weak dissipation.
We nonetheless highlight two strong differences with the equilibrium case. First, the two-photon field ψ (2) presents no divergence and appears to present an upper bound. Second, the axis of optimal fidelity to SCS, and maximum ψ (2) , are tilted with respect to J/U = 1/2, which we show below to proceed from the saturation of emitters. The higher fidelities are obtained for small detuning δ in the vicinity of J = U/2, which indicates that our reservoir engineering scheme stabilizes a state close to the ground state of the many-body Hamiltonian H ph . This is a highly non-trivial result in virtue of the nonequilibrium external conditions. Semiclassical analysis. In order to gain further insight on the complex driven-dissipative dynamics of our model, we derived the self-consistent mean-field equation on the order parameter ψ (2) (t) by means of a semi-classical approximation,
valid in the regime where the photonic pair-superfluid represents a dominant macroscopic degree of freedom. Let us first consider the ideal non-saturating regime, where nΩ R Γ p . In agreement with the Gutzwiller results, the PSF order parameter develops at steady-state an oscillatory behavior in the U (1)-broken phase (see Methods),
0 e −iωPSFt , with its amplitude obeying
The effective detuning δ PSF ≡ ω PSF /2 − ω c and the order parameter frequency ω PSF are set by the balance between the energy injected in the photonic system and the energy lost by dissipation:
Note that the latter equation possesses solutions only above the lasing threshold Γ 0 em ≥ Γ l , which then brings up two distinct frequencies ω PSF due to the Lorentzian form of S em . However at most one solution at a time was found to be physical and dynamically stable. A close similarity between equation (10) and its equilibrium counterpart equation (6) is observed upon identification of the effective detuning δ PSF with the chemical potential µ.
The divergence in equation (10) can be given a simple physical interpretation. The photon-photon interaction U typically generates a photon blockade, where the energy cost associatied to the addition of a single photon depends on the total photon number N . Here however, the two-photon hopping counterbalances the blockade and even suppresses it exactly when J = U/2, leading to a seemingly unlimited accumulation of photons at each site above the lasing threshold.
Still, Equation (6) does not predict either the existence of a maximal achievable value for the PSF order parameter ψ or the tilting of PSF domain observed in Gutzwiller calculations (see Fig. 3a ). Such feature can be taken into account by including the quantum dynamics of two-level emitters in the semiclassical analysis (see Supplementary Note 4), and in particular the saturation effect which becomes prominent when ψ (2) 0 is on the brink of diverging. Quite similarly to well-known results in lasing theory, it amounts to replacing the previous semiclassical result of Equation (11) by
where the saturation parameter s = 2 
and the corresponding location is
with a linear dependence on δ and J c = U/2 at detuning δ = 0. As illustrated in Figure 3c , in the non-saturating limit of a vanishing photon pumping rate Γ 0 em /Γ p → 0 at fixed ratio Γ 0 em /Γ l , one recovers a diverging order parameter, as well as an instability located at the hopping J c = U/2 even for a non-vanishing detuning δ.
Discussion
While single-mode Schrödinger cat states have been extensively studied over the last decades, the conditions for their emergence in the many-body context still remain elusive. In this work we have developed a generic theoretical framework for the preparation of large ensemble of cat states via a spontaneous symmetry breaking mechanism. The connection we unveiled with pair-superfluidity sheds a new light on the interface between quantum optics and quantum collective phenomena [2, 31] .
From another perspective, the presence of a massive amount of degenerated ground states (or steady-tates), associated to the conservation of local on-site parities, represents an interesting path toward the encoding of complex quantum information. Compared to the single-cavity case, the pair-superfluid order brings another layer of protection against relative dephasing at intermediate length scales and might lead to increased coherence times. The impact of the dissipative Goldstone mode [32] on long-range physics remains unaddressed. In view of quantum error correction against single photon loss events [19] , one remarks that the phenomenology presented here is more generic than the case of 2-photon cat states, and extends to more complex 4-photon physics [21] .
Methods
Gutzwiller Mean-Field analysis. The Gutzwiller MeanField method is a well-established numerical technique consisting in approximating the many-body quantum state as factorized over the various lattice sites. It becomes analytically exact in the limit z → +∞ of a large number of nearest neighbors per lattice site, i.e., for a lattice with infinite spatial dimensionality, or in the case of a long-range hopping For a finite z and more physical geometries it usually capture important aspects of the real phase diagram.
In the equilibrium configuration at zero temperature, the Gutzwiller ansatz is implemented in a variational way where the ground-state wave function is assumed to take the form |ψ 0 = i |ψ i , and one needs to minimize the average energy computed with H 0 − µN so to find the optimal |ψ 0 . While such a procedure can be easily adapted to describe the spontaneous breaking of the spatial translation symmetry, we focus on a homogeneous ansatz |ψ i = |ψ GW for all i. Within the considered Bose-Hubbard model with pairhopping, this leads to the minimization of the quantity
on the single-site wave-function |ψ GW . Correspondingly, in the driven-dissipative case one has to consider an ansatz ρ 0 = i ρ i for the system composed of the photons and the two-level emitters. Here also we assume translational invariance: ρ i = ρ GW . By inserting this ansatz in the master equation (7), and by keeping only the most relevant terms in 1/z, we get an effective master equation
for the single-site density matrix ρ GW . The Gutzwiller Hamiltonian H GW (t) = H loc + H tun (t) is the sum of the local contributions of the photon-emitter Hamiltonian
and of a time-dependent Mean-Field term
which corresponds to non-local hopping processes and has to be computed dynamically and self-consistently using
is the sum of all local dissipative processes. The translational invariance justifies use the simplified notations a i → a, σ
To compute the steady state in the even parity sector, we initiate the system in a relatively large cat state |ψ GW = |C + (α) and let it evolve under the dynamics provided by Equation (16) , until the system reaches a stable configuration. In particular at steady-state we found an oscillatory order parameter ψ (2) (t) = ψ were found depending on the choice α for the initial conditions. In Figure 3c we represent here only the solution with maximal |ψ (2) 0 |.
Proof of positivity of H 0 and of the thermodynamic stability In this method we complete the proof that the products of cat states ψ P (α) of Equation (3) are indeed the ground-states of H 0 for J = U/2. Since we already showed that H 0 ψ P (α) = 0, it is sufficient to demonstrate that H 0 is a positive matrix for this specific hopping. To proceed, we consider the Fourier transform
annihilating of pairs of photons. Here, k is a momentum vector in the Brillouin zone (BZ) of the reciprocal lattice. It is then possible to rewrite the Hamiltonian in terms of the B k operators
where the physical quantity
represents a kinetic energy of a single pair with momentum k, and the vectors d represent all the possible displacements toward the z nearest neighbors of a given lattice site. For J ≤ U/2, one has k ≥ 0 for all k: H 0 is thus the sum of positive matrices k B † k B k and is thus as well positive. Such argument can be easily adapted to demonstrate the thermodynamic stability of the grand-canonical ensemble for J < U/2: by using the fact that U/2−J ≤ k for all momenta k, one has that the spectrum of the grand-canonical Hamiltonian H 0 − µN is necessarily bounded from below if the spectrum of H low = −µN + (U/2 − J) k∈BZ B † k B k possesses a lower bound as well.
However, back to the real-space representation a i , one can see that
i is the Bose-Hubbard Hamiltonian with a strictly repulsive attraction U/2 − J > 0 and a vanishing hopping. Such a Hamiltonian is known to be thermodynamically stable for any µ, thus completing the proof.
Semiclassical analysis in the driven-dissipative case. We present here our semiclassical analysis of the drivendissipative configuration in the deep-superfluid regime
Any dissipative model expressed in terms of a master equation can be reformulated in terms in terms of Heisenberg equations of motions for the quantum field operators at the cost of including the external environment degrees of freedom in the Hamiltonian. In our case, this corresponds to the inclusion of the two reservoirs respectively responsible for the two-photon losses and the dissipative pumping of the two-level systems.
As a first step, one can focus on the non-saturating regime Γ p nΩ R where the two-level emitters degrees of freedom are perfectly inverted and respond linearly to the coupling to the two-photon field: under this assumption one can integrate out exactly the degrees of freedom of the various reservoirs and of the two-level emitters, and derive a closed quantum Langevin for the photonic field (see [32] for more details on this kind of procedure). Assuming a homogeneous pair-superfluid order parameter ψ(t) = a 2 i (t) (we simplified the notation ψ (2) → ψ), and taking the average of the quantum Langevin equation one obtains the non-Markovian equation of evolution for ψ(t):
Here Γ em (τ ) = θ(τ ) dω 2π S em (ω)e −iωτ is the memory kernel associated to the emission of photon pairs by the pumped two-level systems. One can look for a non-trivial steady-state solution of the form ψ(t) = ψ 0 e −iωPSFt (ψ 0 = 0), and we show that it satisfies the two relations
By neglecting the +1 term in the prefactor (4|ψ 0 | + 1) of the previous equation (which is legitimate since |ψ 0 | 1), as well as the small lamb-shift Im[Γ em (ω PSF )] (since we worked in a weakly-dissipative regime of parameters for which Γ 0 em U, J), one gets the result of Equation (10) . In the presence of saturation, one can not directly integrate the Heisenberg equation of motion of the two-level emitters, and the equation of evolution for ψ(t) instead takes the form
including the coupling to the polarization Σ(t) ≡ σ − i (t) of the two-level emitters, which we assume to be homogeneous as well. Equation (22) needs to be completed by a dynamical model for the two-level emitters. We treated these as quantum degrees of freedom, leading to the following set of Bloch equations
where X(t) ≡ σ z (t) describes the population imbalance between the excited and the lowest energy states of the emitters (X = 1 corresponds to a perfect inversion of population), and the two-photon field ψ(t) has been treated fully classically. Due to its nonlinear caracter, the dynamics provided by the Equations (22) and (23) are relatively complex. However once a steady-state is reached one has that non-trivial solutions
(24) then satisfies the modified relations with respect to nonsaturating case:
Here s = 2
Sem(ωPSF) Γp |ψ 0 | 2 is the so-called saturation parameter, it quantifies how much the two-photon fields affects the inversion of population of the emitters as well as the photon pump power. A stability analysis of the small perturbations of Equations (22) and (23) around the steady-state numerical solution showed that at most only one non-trivial solution (ψ 0 = 0) was stable. This solution is the one represented in Figure ( 3)c-d. Moreover, upon neglecting the lamb-shift in the second equation, the nonlinear system (25) can be solved analytically for any choice of parameters. In particular one obtains the estimates (13) and (14) for the upper bound ψ max of the order parameter, and for its location J c . all sites, and we found it to be exponentially suppressed as J approaches U/2 (see Fig. 4d ):
where A > 0. Considering that ψ (2) ∼ µ/(U − 2J) close to the instability at J = U/2, the scaling in Equation (26) is equivalent to an exponential suppression ∆ ∝ exp(−Cψ (2) ) of the gap in the PSF order parameter.
Supplementary note 2: Robustness of pair superfluidity against single-particle hopping. The Gutzwiller analysis presented above revealed a small but finite many-body energy gap ∆ = |E ev − E odd |/N sites separating the ground states |GS ev and |GS odd with either even or odd parities at all sites. The existence of such a gap (finite for J < U/2) suggests that pair superfluidity is not only an accidental consequence of the local Z loc 2 symmetry, but is also expected to be robust against small but finite symmetry-breaking perturbations coupling the two parity sectors. In order to test this claim, we considered an extended Bose-Hubbard Hamiltonian 
where a single-particle hopping term with hopping amplitude J (1) has been included in addition to the pair hopping.
The zero-temperature phase diagram of the above Hamiltonian has been computed by means of a Gutzwiller mean-field approach and is presented in Figure 5 . To understand the competition between single-particle-and pair-hopping processes, we have determined the various phases as a function of J/U and J
(1) /U at fixed chemical potential µ/U = 1.5 by monitoring both order parameters ψ (1) ≡ a i and ψ (2) ≡ a 2 i . There are three distinct phases, namely of a Mott insulator (ψ (1) = ψ (2) = 0), a conventional superfluid (ψ (1) = 0, ψ (2) = 0), and a pair superfluid (ψ (1) = 0, ψ (2) = 0). Markedly, there is an extended region of parameters in which the pair-superfluid phase is robust against single-photon hopping.
In Figure 5c , we investigate in more details the pairsuperfluid to conventional-superfluid transition. The singleparticle hopping J
(1) drives a second-order phase transition associated to the spontaneous breaking of the global Z 2 symmetry where ψ (1) continuously acquires a finite value. Beyond the order parameter, Figure 5b illustrates how the Wigner function remains perfectly Z 2 symmetric with the interferences typical to cat states as long as one remains in the pair-superfluid phase, while asymmetric patterns appear once the system enters the Z 2 -broken phase. . Parameters: all simulations were performed at a fixed chemical potential µ/U = 1.5, except for the Wigner functions evaluated at Q1 and for Q2 for which we chose µ/U = 0.15 in order to reduce the gap ∆ and to distinguish the PSF from the single-particle superfluid phase. For P1 and P2 one has J/U = 0.2 and respectively J (1) /U = 3 × 10 −2 , 6.5 × 10 −2 , while for Q1 and Q2 one has J/U = 0.48 and J
(1) /U = 5 × 10 −5 , 8 × 10 −5 .
